Introduction {#Sec1}
============

Within the general relativity (GR) framework no reliable explanation to the current acceleration of the universe exists which is simpler than a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$-term or cosmological constant \[[@CR1]\]. It behaves as a fluid with negative pressure \[[@CR2]\], thus driving gravitational repulsion. This is of course also the kind of behavior displayed by the plethora of other possible fluids so far proposed to try to accommodate data better than a cosmological constant. In broad terms, these settings, causing the universe to accelerate, are usually included in the so-called dark energy theories (for reviews, see \[[@CR3]--[@CR7]\]). There are other theoretical routes with different levels of complexity (not necessarily unrelated \[[@CR8]\]) which venture to modify GR.

The background expansion of the universe can be measured with a lot of different probes: luminosity distances from Type Ia Supernovae (SNe) \[[@CR9]--[@CR12]\]; the acoustic peaks in the Cosmic Microwave Background (CMB) \[[@CR13], [@CR14]\]; their counterpart imprinted in clustered matter, i.e. Baryon Acoustic Oscillations (BAO) \[[@CR15]--[@CR19]\]; through the matter power spectrum obtained from weak lensing \[[@CR20], [@CR21]\]. Usually a time integral along redshift connects those data with the expansion rate/history of the universe, the Hubble parameter *H*(*z*). It is enough to constrain the geometry and energy content of the universe quite satisfactorily.

On the other hand it is expected that the expansion of the universe will make the redshift of a given astrophysical object exhibit a drift over time, which should in principle be amenable to giving an accurate description of that very same expansion once an underlying model is chosen. While looking for a possible temporal variation of the redshift of extra-galactic sources, Sandage came in 1962 \[[@CR22]\] to the conclusion that it should indeed occur. However, the limited technological resources on deck at that epoch lead to the inference that a measurement time interval of the order of $\documentclass[12pt]{minimal}
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                \begin{document}$$10^7$$\end{document}$ years would be required for a signal detection. When new spectroscopic techniques became available to astrophysicists, Loeb considered the concept \[[@CR23]\] anew in 1998, he concluded that the new technology would allow a reduction in the observation time interval of a few decades. This cosmological redshift drift measurement, also called the Sandage--Loeb (SL) test, would then provide a direct proof of the accelerated expansion of the universe. In fact, this temporal variation is directly related to the expansion rate at the source redshift, being thus a direct measurement for the Hubble function.

The last results of the *Planck* survey \[[@CR13]\] have made us enter an ultra high-precision cosmology era. Other future surveys are scheduled which should further improve the accuracy of cosmological measurements, for example *Euclid* \[[@CR24]\], *Wide-Field Infrared Survey Telescope (W-First)* \[[@CR25]\] or Square Kilometer Array (SKA) \[[@CR26]\].

Thus, in the near future available resources will allow us to start thinking about the next level of cosmological observational data to which the cosmological redshift drift will contribute, complementing the previously cited surveys. However, even with future precision radio telescopes, the measurement of the SL effect represents a difficult enterprise \[[@CR27]\] as it demands several years of observation (usually some decades) to register enough signal-to-noise ratio so as to yield a possible reliable detection of the cosmological redshift drift signal. Best candidate objects for a feasible detection of this faint signal are good Hubble flow tracers as far as possible \[[@CR28]\]. As put forward by Loeb \[[@CR23]\], an auspicious target would be the Lyman-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ forest measurements of distant quasars (QSO). With the spectroscopic techniques that are operational in the near future, like the CODEX (COsmic Dynamics and EXo-earth experiment) experiment \[[@CR29]\] proposed for the European-Extremely Large Telescope (E-ELT) or radio telescopes as SKA \[[@CR30]\], these observations will grant access to direct measurements of the Hubble parameter up to redshifts $\documentclass[12pt]{minimal}
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                \begin{document}$$ \sim 5$$\end{document}$, a so far not yet observed redshift range. Thus, the SL test will open a new "cosmological window".

Due to near future possibilities to measure the cosmological redshift drift, this type of observations recently has drawn some attention. The reconstruction of the theoretical SL signal that different cosmological models would produce has been explored quite extensively \[[@CR31], [@CR32]\]. It turns out that the range and variety of the different cosmological redshift drift signals created by various models is remarkable: from those created by different proposals for dark energy's equation of state or modified gravity \[[@CR33], [@CR34]\] to the ones created by backreaction in an inhomogeneous universe without the presence of dark energy \[[@CR35]\]; from the peculiar signals for Lemaître--Tolman--Bondi models \[[@CR36], [@CR37]\] to even a null signal \[[@CR38]\] for the $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{h}=c t$$\end{document}$ Universe, or other several exotic scenarios \[[@CR39]--[@CR44]\]. SL signals have been used as a hypothetical geometric cosmic discriminant \[[@CR45]--[@CR47]\] to show the corresponding improvement in the constraints that can be achieved due to the degeneracy breaking (around $\documentclass[12pt]{minimal}
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                \begin{document}$$20\%$$\end{document}$ of improvements for dark energy parameters and even $\documentclass[12pt]{minimal}
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                \begin{document}$$65\%$$\end{document}$ for matter density). SL mock data sets have been applied with similar results as cosmic observational discriminators to test other various models, like interactive dark energy models \[[@CR48], [@CR49]\], modified gravity \[[@CR50], [@CR51]\] and other exotic cosmologies \[[@CR52], [@CR53]\]. Their power to differentiate models has been exploited also in the context of the model-independent approach of cosmography \[[@CR54], [@CR55]\]. Besides, some new approaches \[[@CR56]\] can lead to ambitious ideas, such as real-time cosmology \[[@CR57]\].

We stress again the fact that the measurement of the cosmological redshift drift is not an easy pursuit. It requires a lot of planning due to the large observation time interval of the survey. Thus, foreseeing the contribution and behavior of this type of measurements is important we precisely carry out a quite thorough forecast analysis of cosmological redshift drift constraints on various cosmological models. The analysis includes a comparison between the proposed SL data with other future planned surveys, generating mock data based on the given specifications. Furthermore, unlike previous work, all mock data sets are generated in a fully model-independent way, without choosing a fiducial cosmological model to generate the points. In Sect. [2](#Sec2){ref-type="sec"} the mathematical formalism of the cosmological redshift drift is introduced and the details of the mock data sets we use for our predictions are given. We find it convenient to produce a SL data set but also use auxiliary SNe and BAO data. In Sect. [3](#Sec7){ref-type="sec"}, we explain our MCMC procedure which will eventually constrain the cosmological models we have chosen as reference. Finally, in Sect. [4](#Sec13){ref-type="sec"}, the outcomes of the statistical analysis are presented and discussed. Then the main conclusions are summarized.

Cosmological redshift drift {#Sec2}
===========================

A preliminary straightforward calculation introduces the main observable quantity we are going to focus on, i.e. the cosmological redshift drift, (see for example \[[@CR29]\] or \[[@CR33]\]). In a homogeneous and isotropic universe with a Friedmann--Robertson--Walker metric a source at rest emitting electromagnetic waves isotropically, without any (significant) peculiar velocity, is considered. Thus, the comoving distance between the source and an observer can be considered fixed. If the source emits electromagnetic waves during time $\documentclass[12pt]{minimal}
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                \begin{document}$$(t_e, t_e+\delta t_e)$$\end{document}$ and these are detected by the observer in the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(t_o, t_o+ \delta t_o)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_e$$\end{document}$ is the emission time and $\documentclass[12pt]{minimal}
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                \begin{document}$$t_o$$\end{document}$ is the time they reach the observer, the following relation is satisfied$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{t_e}^{t_o} \frac{\mathrm{d}t}{a(t)} = \int _{t_e+\delta t_e}^{t_o+\delta t_o} \frac{\mathrm{d}t}{a(t)}, \end{aligned}$$\end{document}$$provided the universe through which the waves travel is a spatially flat Friedmann--Robertson--Walker spacetime. If the time intervals are small $\documentclass[12pt]{minimal}
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                \begin{document}$$(\delta t_e, \delta t_o \ll t_e, t_o)$$\end{document}$ the above expression leads to the well-known redshift relation between the emitted and the observed radiation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\delta t_e}{a(t_{e})} = \frac{\delta t_o}{a(t_o)} \Rightarrow \frac{\lambda _o}{\lambda _e} = \frac{a(t_o)}{a(t_e)} = 1+z_e(t_o), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$z_{e}(t)$$\end{document}$ is the redshift of the source as measured at a certain observation time $\documentclass[12pt]{minimal}
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                \begin{document}$$t_o$$\end{document}$. Other waves can be emitted by the source $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta t_e$$\end{document}$ time later, specifically at time $\documentclass[12pt]{minimal}
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                \begin{document}$$t_e + \delta t_e$$\end{document}$. They will be observed at $\documentclass[12pt]{minimal}
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                \begin{document}$$t_o + \delta t_o$$\end{document}$. Concerning these waves Eq. ([2](#Equ2){ref-type=""}) has to be modified regarding the new time periods and redshift. Thus, the observer can measure the difference between the redshifts observed at $\documentclass[12pt]{minimal}
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                \begin{document}$$t_o$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$t_o +\delta _o$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta z_e=z_e(t_o+\delta t_o)-z_e(t_o)=\frac{a(t_o+\delta t_o)}{a(t_e+\delta t_e)}-\frac{a(t_o)}{a(t_e)} \; . \end{aligned}$$\end{document}$$Within the $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta t / t \ll 1$$\end{document}$ approximation, the first ratio can be expanded to linear order$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{a(t_o+\delta t_o)}{a(t_e+\delta t_e)} \simeq \frac{a(t_o)}{a(t_e)} + \frac{\dot{a}(t_o) \delta t_o}{a(t_e)} - \frac{a(t_o) \dot{a}(t_e) \delta t_e}{a(t_e)^2} \; . \end{aligned}$$\end{document}$$Inserting Eq. [2](#Equ2){ref-type=""} into the first order expansion in Eq. [4](#Equ4){ref-type=""} an approximated expression for the redshift variation can be obtained,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta z_e \simeq \left[ \frac{\dot{a}(t_o)-\dot{a}(t_e)}{a(t_e)}\right] \delta t_o. \end{aligned}$$\end{document}$$Under the assumption that the observation time is today, we normalize by letting the corresponding scale factor satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$a(t_o)=1$$\end{document}$. Then, using both the Friedmann equation and the known redshift equation Eq. ([2](#Equ2){ref-type=""}), the above expression can be rewritten in terms of the Hubble parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(z)=\dot{a}(z)/a(z)$$\end{document}$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta z_e = \delta t_o \left[ H_0(1+z_e) - H(z_e) \right] , \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$H_0=H(z_0)$$\end{document}$ being the Hubble constant today. This redshift variation can be expressed as a spectroscopic velocity shift $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta v \equiv c \varDelta z_e /(1+z_e)$$\end{document}$. Using the dimensionless Hubble parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$E(z)=H(z)/H_0$$\end{document}$, the final expression can be found:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta v = c H_0 \delta t_o \left[ 1 - \frac{E(z_e)}{1+z_e} \right] \; . \end{aligned}$$\end{document}$$

Sandage--Loeb mock data set {#Sec3}
---------------------------

In order to generate our SL observational mock data set in a fully model-independent manner, we try to derive a Hubble function from a phenomenological distance modulus, in a fashion similar to \[[@CR58]\]. We propose this observable because it is well measured by Type Ia Supernovae (SNe) and can be extended to high redshifts, even if with lower precision, by Gamma Ray Bursts (GRBs, Mayflower sample) \[[@CR59]\]. We model this phenomenological distance modulus thus:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu _\mathrm{fit}(z) = a + 5 \log _{10} \left[ F_\mathrm{fit}(z;b,c,d,e) \right] , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mathrm{fit}$$\end{document}$ is an ad hoc proposed function (among many) mimicking the luminosity distance. This phenomenological function is then fitted using the SNe data set Union 2.1 \[[@CR11]\] for the low-redshift regime and the GRBs sample calibrated by the Padé method \[[@CR59]\] for the high-redshift one. Once $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\mathrm{fit}$$\end{document}$ is fitted, other observational quantities relevant to our work can easily be obtained. For instance, the Hubble function can be derived recalling the relation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu (z) = 5 \log _{10} \mathrm{d}_L(z) + \mu _{0}, \end{aligned}$$\end{document}$$where, in the spatially flat universe we are considering, the dimensionless luminosity distance $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{d}_L$$\end{document}$ is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{d}_L(z) = (1+z) \int _0^z \frac{\mathrm{d}z'}{E(z')}, \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _0$$\end{document}$ stores all the information related to the constants involved, such as the speed of light *c*, the Hubble constant $\documentclass[12pt]{minimal}
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                \begin{document}$$H_0$$\end{document}$ and the SNe absolute magnitude. By comparing both distance moduli, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ from Eq. ([9](#Equ9){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\mathrm{fit}$$\end{document}$ from Eq. ([8](#Equ8){ref-type=""}), one realizes that the dimensionless luminosity distance $\documentclass[12pt]{minimal}
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                \begin{document}$$d_L(z)$$\end{document}$ is equivalent to the function $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mathrm{fit}$$\end{document}$. Thus, the dimensionless Hubble function is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_\mathrm{fit}(z)= \left( \frac{\mathrm{d}}{\mathrm{d}z} \frac{F_\mathrm{fit}(z;b,c,d,e)}{(1+z)} \right) ^{-1}. \end{aligned}$$\end{document}$$Once such a phenomenological dimensionless Hubble parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$E_\mathrm{fit}(z)$$\end{document}$ is obtained, we can "mimick" all the cosmological probes we need for our analysis as they are all related to it. In this way cosmological-model-independent mock data sets can be created where the only intrinsic information that is used for $\documentclass[12pt]{minimal}
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                \begin{document}$$E_\mathrm{fit}$$\end{document}$ is that it has to be able to fit present data (in this case, SNe and GRBs). Of course, some arbitrariness lies behind the choice of the phenomenological function $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mathrm{fit}$$\end{document}$; we have tried to use the most general type of functions possible and we have selected the best one based on a simple best-fitting (minimum $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$) criterion. The best performing function we have found is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_\mathrm{fit}(z;b,c,d,e) = \frac{z (1 + b \log [1 + z]^{d})}{(1 + c \log [1 + z]^{e})}, \end{aligned}$$\end{document}$$where the values for the parameters are shown in Table [1](#Tab1){ref-type="table"}. It can be seen in Fig. [1](#Fig1){ref-type="fig"}, in the top left panel, that this function fits the distance modulus points of the Union 2.1 \[[@CR11]\] and Mayflower \[[@CR59]\] data sets as much satisfactorily as a $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$CDM with *Planck* values, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega _{m}=0.3121$$\end{document}$ (sixth column of Table [4](#Tab4){ref-type="table"} in \[[@CR13]\]). In the top right panel, we also compare the expansion rate function *H* which can be derived from Eq. ([12](#Equ12){ref-type=""}) with the same *Planck* $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$CDM and with data from cosmic chronometers \[[@CR60]\]. In the bottom left panel, the comparison between angular diameter distance derived from Eq. ([12](#Equ12){ref-type=""}) and the same *Planck* $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$CDM is done, with the data coming as comoving angular diameter distance from galaxy clustering (BAO+FS column of Table 7 in \[[@CR61]\]) and physical angular diameter distance coming from quasar cross-correlation (Eq. (21) in \[[@CR18]\]). Finally, in the bottom right panel, it can be seen that the difference between our model and the *Planck* $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$CDM is minimal for the case of the distance modulus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\sim 0.1\%)$$\end{document}$ and small for both the Hubble function $\documentclass[12pt]{minimal}
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Fig. 1Top left panel: Comparison between the selected phenomenological function $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\mathrm{fit}(z;b,c,d,e)$$\end{document}$ for different observation periods: blue (circle and dashed line) for 24 years, red (triangle and dotted line) for 28 years and green (square and solid line) for 32 years

According to Monte Carlo simulations carried out to eventually mimic results from CODEX \[[@CR29], [@CR63]\], the standard deviation on the measured spectroscopic velocity shift $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{\varDelta v}$$\end{document}$, obtained by error propagation from the fitted parameters of the selected function Eq. ([12](#Equ12){ref-type=""}).

Note that the magnitude of the observed cosmological redshift drift is proportional to the observation period although the error does not depend on it. Thus, once a data set for some given observational time $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta t_A$$\end{document}$ is created, any new mock data set with different observation period $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta v_B = \frac{\varDelta t_B}{\varDelta t_A} \varDelta v_A. \end{aligned}$$\end{document}$$We use the three observation periods of 24, 28 and 32 years, which are the most illustrative among the data sets tested. The resulting data sets for SL test can be seen on Fig. [2](#Fig2){ref-type="fig"}.

Auxiliary mock datasets {#Sec4}
-----------------------

Additional future mock data sets are included alongside the cosmological redshift drift data set in order to better constrain models. Basically, the reason why we introduce in the picture these other probes is our interest in studying and quantifying the relative performance of SL with respect to more standard and used probes and our aim of finding out whether the cosmological redshift drift data have some degree of complementarity with them, thus providing eventual tighter constraints. These auxiliary mock data sets are created from the same model-independent function of Eq. ([8](#Equ8){ref-type=""}).

### *W-First* SNe {#Sec5}

The first mock data set we produce is a SNe catalog based on the *W-First* forecast \[[@CR25]\] which includes 2725 SNe randomly picked in redshift bins of $\documentclass[12pt]{minimal}
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Given that in the SNe case one measures the distance modulus, direct use can be made of the fitted function Eq. ([8](#Equ8){ref-type=""}) to generate the mock data points. As in the SL case some Gaussian noise is introduced to disperse the data points around the mean value.

To create the error bars for this catalog and the dispersion for the Gaussian noise the information given in \[[@CR25]\] is used. The statistical errors they account for are the following: the photometric measurement error, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{SN}$$\end{document}$ is the number of SNe in the bin. The data set generated for the *W-First* SNe survey is shown on Fig. [1](#Fig1){ref-type="fig"}.

### Euclid BAO {#Sec6}

The second data set considered is BAO. We choose the future *Euclid* survey \[[@CR24]\] as the experiment to reproduce. The two quantities considered are the angular diameter distance$$\documentclass[12pt]{minimal}
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Both the angular diameter distance and the Hubble parameter are reconstructed, again using Eq. ([8](#Equ8){ref-type=""}). It is already discussed that the Hubble parameter can be inferred as in Eq. ([11](#Equ11){ref-type=""}), once a value for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_A(z) = \frac{c}{H_0} \frac{F_\mathrm{fit}(z;b,c,d,e)}{(1+z)^2} \; . \end{aligned}$$\end{document}$$The redshift values of the data set are taken from \[[@CR64]\]. They specifically are the central redshifts of 15 bins with $\documentclass[12pt]{minimal}
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Testing models {#Sec7}
==============

Within the Bayesian framework, we aim to find how SL constrains the probability distribution function of some cosmological parameters. For that purpose the posterior distribution is needed, or equivalently the likelihood, which can be straightforwardly computed with MCMC sampling while minimizing the $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ function. The knowledge of the posterior probability gives a better and more complete information as regards the parameters, including the full correlation among them.

Thus, once we have the mock data sets, we build the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{\varDelta v_i}$$\end{document}$ are given by Eq. ([13](#Equ13){ref-type=""}). The errors are arranged into a diagonal covariance matrix. Depending on whether the SL surveys will use overlapping redshift bins or not, the error could be more realistically given by a non-diagonal covariance matrix. As we lack such information, we adopt the optimistic diagonal covariance matrix assumption, always keeping in mind that it could lead to a general underestimation of the global errors on the cosmological parameters. The period of observation $\documentclass[12pt]{minimal}
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Quiessence {#Sec9}
----------

The second model tested is quiessence \[[@CR74], [@CR75]\] with a single degree of freedom in the dark energy equation of state parameter (i.e. no redshift dependence). Its dimensionless Hubble parameter is given by$$\documentclass[12pt]{minimal}
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Slow-roll dark energy {#Sec10}
---------------------

We consider another one-parameter dark energy model, coming from the slow-roll dark energy scenario described in \[[@CR76]\]. Its dimensionless Hubble parameter, taking into account a radiation component \[[@CR77], [@CR78]\], is given by$$\documentclass[12pt]{minimal}
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CPL {#Sec11}
---

We are also interested in testing models of dark energy whose equation of state parameter *w* has more than one degree of freedom. As our first two-parameter dark energy model we take the CPL model \[[@CR79], [@CR80]\], its dimensionless Hubble parameter being$$\documentclass[12pt]{minimal}
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Lazkoz--Sendra pivotal dark energy {#Sec12}
----------------------------------

Another model with two parameters for the equation of state for DE \[[@CR81]\] is considered which can be understood easily as a perturbative departure from $\documentclass[12pt]{minimal}
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Results and conclusions {#Sec13}
=======================

In the summary tables for each model are found, the minimum value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$-minimization is done using different combinations of data sets. In the tables we first show the results from using BAO and SNe separately and those from joining both. We then move on to present the results from SL only. Finally, the results for the total SNe + BAO + SL combination are presented. When using SL data, each data set with different observation years is treated separately. In this way the performance of the cosmological redshift drift data sets can be clearly analyzed. For each model we also show the confidence contours for the most interesting cosmological parameters. Each MCMC round is tested for statistical convergence using the method described in \[[@CR82]\].
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Indeed, the SL data sets always do better in constraining $\documentclass[12pt]{minimal}
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Regarding the dark energy parameters, it can be observed that for most cases the 24 years of observation for SL is not enough to properly constrain them. This can for example clearly be seen from the contours of the parameters $\documentclass[12pt]{minimal}
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However, if one focuses on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_a$$\end{document}$ parameters two things can be noted: first, that the best fit for the SNe + BAO case is completely different from the values derived from the SNe and the BAO separate analysis (this is more evident for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{a}$$\end{document}$ than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_0$$\end{document}$); second, the errors on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_a$$\end{document}$ parameters slightly increase when adding cosmological redshift drift data to the SNe+BAO data. Both trends might have an explanation. Concerning the first one, if we look at the top panel of Fig. [3](#Fig3){ref-type="fig"} (this is true for the CPL case but also for the LS model), we can see how unsatisfactorily the SNe and BAO contours overlap: the borders of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega _m$$\end{document}$). Note also that this behavior is somehow expected and might be counter-productive in the future, as explained in \[[@CR84]\]. Anyway, we must also remember we are working with mock data and not real data. Thus the potential future goodness of the joint use of SNe and BAO at present and maybe in the near future is not put at stake. Moreover, we have to remember that in order to gain more insights into a dynamical dark energy model we need to improve the number and the quality of data at high redshift; that is the reason behind pushing SNe observations to higher redshifts \[[@CR85]\] for example or employing BAO data at $\documentclass[12pt]{minimal}
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In the case of models with a single DE parameter whose equation of state is fixed during time high-redshift SL data are also helpful. In the extreme case when SL data are added to the SNe+BAO data set, even the SL data with lowest observational period help constrain the single parameter of DE. However, it is also remarkable how every data set separately constrains the single DE parameter to a different value. Taking into account that the redshift range of each data set is quite different, the fact that they separately have a different value for the parameter could be evidence for a time evolution in the equation of state of DE. This is a clear example of another application for the SL observation, where its high-redshift data could easily test the time evolution of the equation of state of DE once compared to the results of other data sets coming from different sources.

Much of what has been stated above can be easily inferred upon closer examination of the various contours plots. However, these plots are more useful for analyzing the correlation between different parameters. As stated previously, in most of the contour plots a different correlation angle can be seen for the cosmological redshift drift data compared to the other data sets. Thus, it clearly emerges that SL data sets will be of utmost importance in breaking degeneracies among cosmological parameters. Besides, considering the high-redshift data that will be available thanks to cosmological redshift drift we conclude that it can be a cosmic observable worthy to consider.
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Appendix C: Results for the slow-roll model {#Sec16}
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See Table [4](#Tab4){ref-type="table"} and Fig. [6](#Fig6){ref-type="fig"}. Table 4Parameter results of the slow-roll modelData set*h*$\documentclass[12pt]{minimal}
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Fig. 6Slow-roll model; solid contours limit $\documentclass[12pt]{minimal}
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Appendix D: Results for the CPL model {#Sec17}
=====================================

See Table [5](#Tab5){ref-type="table"} and Fig. [7](#Fig7){ref-type="fig"}.
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See Table [6](#Tab6){ref-type="table"} and Fig. [8](#Fig8){ref-type="fig"}. Table 6Parameter results of the Lazkoz--Sendra pivotal modelData set*h*$\documentclass[12pt]{minimal}
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As the major axis of the contours are typically aligned with the axes of each parameters in the parameter space.
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